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It has been thought that the long chiral edge channels cannot support any supercurrent between
the superconducting electrodes. We show theoretically that the supercurrent can be mediated by a
non-local interaction that facilitates a long-distance information transfer in the direction opposite
to electron flow. We compute the supercurrent for several interaction models, including that of an
external circuit.
Proximity effect in normal metal-superconducting
structures is known for a long time [1, 2] but still is a
subject of intense theoretical and experimental research
[3, 4]. The most prominent manifestation of proximity
effect is a supercurrent flowing through a normal metal
between distant superconducting electrodes. The inter-
esting feature of the effect is that the induced supercon-
ducting correlations persist in a normal metal on long
distances. The distance even diverges at energies close
to Fermi level,  ≡ E − EF → 0, L ' vF /|| for ballistic
structures with typical electron velocity vF .
In Quantum Hall regime, the conducting electrons are
restricted to the quantized transport channels at the
structure edge[5]. Importantly, these channels are chiral:
the electrons propagate in one direction only. Supercon-
ducting leads connected to the edge modes may induce
the proximity effect. Interesting Andreev reflection phe-
nomena [6, 7] and the supercurrent in chiral channels
[8–10]have been thoroughly investigated. Notably, it was
shown that the supercurrent carried by a chiral channel
requires the closing of the channel and is inversely pro-
portional to the full perimeter of the QH sample. There-
fore there seem to be no current in the situation when
this perimeter is macroscopically long, for instance, in
the situation given in Fig. 1a. An heuristic explana-
tion is that the supercurrent is due to the bouncing of
electrons and Andreev-reflected holes between the super-
conducting electrodes. In a chiral channel, both electrons
and holes move in the same direction and no bouncing
can occur unless a particle encircles the perimeter of the
whole macroscopic sample. If there were transport chan-
nels propagating in the opposite direction, we would have
a current of the scale evF /L, L being the distance be-
tween the superconducting electrodes. The absence of
the supercurent seems a simple but fundamental prop-
erty of the chiral channels. It is not affected by local
electron-electron interactions in the channel that can be
easily taken into account in a framework of a Luttinger-
like model [11].
In this Letter we show that the supercurrent in a chiral
channel can be induced by a non-local interaction that
potentially provides an information flow in upstream di-
rection, that is, opposite to the propagation direction of
the electrons.
We compute the supercurrent for several interaction
models and demonstrate that the current is limited by a
typical information transfer rate. The effect persists in
ground state where no actual event of information trans-
fer takes place: rather, the supercurrent indicates poten-
tial for such events. A transport mechanism based on
information transfer is rather exotic for electrons and its
experimental observation would be rewarding. We con-
sider a situation of special experimental relevantce where
the interaction is arranged by means of an external elec-
tric circuit.
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FIG. 1. (a) The basic setup: two superconductor leads bi-
ased at phase difference φ = φ2−φ1 are attached to the edge
of a quantum Hall sample; (b) The lowest order anomalous
Green’s function; (c) The non-interacting lowest order contri-
bution shown vanishes for chiral channels.
The primary setup under consideration is shown in
Fig.(1a). Assuming the macroscopically large QH sam-
ple, we consider an infinite 1D chiral channel at the sam-
ple edge. For simplicity, we concentrate on a single spin-
degenerate channel: more channels do not change the re-
sults qualitatively. Two superconducting electrodes sep-
arated by distance L = x2 − x1 are in contact with the
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2channel, the contact length being L. They are kept at
the superconducting phase difference φ = φ2 − φ1. We
assume low energies at the scale of Landau level separa-
tion. In this limit, the electron states in the channel can
be described by a simple linearized Hamiltonian:
H0 = −ivF
∫
dxψ†(x)∂xψ(x). (1)
The normal-electron Green’s function in Matsubara rep-
resentation is explicitly chiral,
G(iωm, x− x′) = − isgn(ω)
vF
e
− ωvF (x−x
′)
θ(ω(x− x′)) (2)
it extends to the right(left) for positive (negative) ω and
is zero on the left(right). The lowest-order anomalous
Green function Fω(x, x
′) induced by a superconducting
pairing at point x1 (Fig. 1b) encompasses the normal
Green’s functions at opposite frequencies
Fω(x, x
′) = ∆(x1)G(iω, x, x1)G(−iω, x′, x1) (3)
This describes the superconducting correlations that are
essentially non-local and, owing to chirality, vanish at
the same point x = x′. The superconducting current
is expressed through the phase-dependent energy cor-
rection. This one could emerge from the transfer of
the superconducting correlations to the second contact,
'∑ω F (x2, x2)∆(x2) (Fig. 1c) yet it vanishes since the
correlations vanish at the same point. The main point
of this Letter is that a non-local interaction can change
this. Let us consider a diagram shown in Fig. 2. Here, at
positive ω the correlations propagate from x1 to the sep-
arated points x > x1 and x1 > x
′. The non-local interac-
tion between these distant points can flip the frequency
sign of the electron line, ω′ < 0, so the correlations move
in opposite direction to meet at the point x2. This works
provided x′ < x1 < x2 < x. We see that the interaction
should connect the region to the left from both electrodes
with the region to the right of both.
Let us proceed with the evaluation of the current.
We start with non-interacting Green’s functions in the
system, those are easy to evaluate in all orders in pairing
potential that is incorporated in a form of a unitary trans-
formation in Nambu space. This transpormation relates
the elecron-hole amplitudes before and after the electrode
and reads Uˆ = exp(−i ∫ dx∆ˆ(x)/vF ), ∆ˆ ≡ (0,∆; ∆∗, 0)
where integration is taken in the vicinity of an electrode.
Following [12], we can conveniently parametrize this
matrix with the probability p of Andreev electron-
hole conversion at the corresponding contact, Uˆ1,2 =
(
√
1− p1,2,−i√p1,2eiφ1,2 ,−i√p1,2e−iφ1,2 ,
√
1− p1,2)
When superconductor leads are brought into proximity
of the edge of the QH sample as in Fig.(1a), the induced
pairing potential results in an unitary transformation
on the . In the usual Nambu spinor formulation, for x
-
FIG. 2. Non-vanishing contribution to superconducting cur-
rent. The wavy line represents interaction. By virture of
chirality, the points x, x′ are on opposite sides of both x1 and
x2. This is only possible if x
′ < x1 < x2 < x and ω and ν are
of opposite signs.
and x′ lying on different sides of the superconducting
contacts,
G(iω, x, x′) = − i
vF
e
− ωvF (x−x
′)
[θ(ω)θ(x− x′)Uˆ2Uˆ1
−θ(−ω)θ(x′ − x)Uˆ†1 Uˆ†2 ]. (4)
We evaluate correction to the energy brought by inter-
action and differentiate it with respect to φ to obtain the
current,
I(φ) = −8eR
√
p1p2(1− p1)(1− p2) sinφ; (5)
R ≡ ( T
vF
)2
∑
ω,ω′
Θ(−ωω′)
∫ x1
−∞
dx
∫ ∞
x2
dx′
V (ω − ω′;x, x′)e|ω−ω′|(x−x′)/vF . (6)
Here we have not yet specified the form of interaction
V (ν;x, x′). We see that the current assumes a usual sinu-
soidal Josephson phase dependence and is proportional to√
p1p2(1− p1)(1− p2) which indicates the current comes
about the interference of two processes: i. an electron
propagation with Andreev reflection in superconductor 1
and no Andreev reflection in superconductor 2, and the
propagation with no reflection in superconductor 2 and
Andreev reflection in superconductor 2. All details of the
junctions are incorporated in p1,2 while the coefficient R
characterizes the interaction in the setup. Further we
evaluate the coefficient R for various interaction setups
and prove its relation to the rate of the upstream infor-
mation transfer.
We start with a rather artificial but instructive setup.
Let us consider a harmonic oscillator with eigenfre-
quency ωb that is coupled to the edge states in two
points x3,4 The coupling is described with (nˆ(x) ≡∑
σ psi
†
σ(x) ψσ(x))
HI = (α3nˆ(x3) + α4nˆ(x4))(bˆ+ bˆ
†). (7)
Owing to the coupling, the quanta of the oscillator can
be absorbed by the edge states with the rates Γ3,4 =
3α23,4εb/v
2
F . The oscillator provides a channel of upstream
information exchange whereby an excitation at the point
x4 is absorbed and transferred to the upstream point x3.
The information flow rate through the oscillator is limited
by the emission/absorption rates and can be estimated
as min(Γ3,Γ4).
Let us look at the superconducting properties assum-
ing x3 < x1 < x2 < x4. The oscillator provides an
effective electron-electron interaction (x > x′):
V (x, x′, ν) =
α3α4ωb
ω2b + ν
2
δ(x− x3)δ(x′ − x4) (8)
Making use of the relation (6), and integrating over the
frequencies, we arrive at the coefficient R charaterizing
the current,
R =
1
2pi
√
Γ3Γ4C; (9)
where the dimensionless coefficient C in two opposite
limits ωb  vF /L and ωb  vF /L is evaluated as
C = ln(ωbL/vF ) and C = (vF /Lωb)
2 respectively. We
see that for ωb  vF /L the coefficient R is of the order
of the information transfer rate. This correspondence is
not exact, as seen from different dependence on Γ3/Γ4
ratio. This is not surprising since, in distinction from
information transfer, no real events are associated with
the supercurrent that results from quantum interference.
However, such correspondence is remarkable even on a
qualitative level. As seen from Eq. 6, the relevant fre-
quency window for supercurrent formation is limited by
vF /L. This explains suppression of R at ωb  vF /L: the
oscillator cannot efficiently transmit such low frequencies.
A Quantum Hall sample is always mounted on a sub-
strate. This makes electron-phonon interaction a default
mechanism for a long-range upstream information flow:
an electron-hole pair can be converted to a phonon that
propagates upstream and is absorbed there. We describe
the electron-phonon interaction by the Hamiltonian
He−ph = A
∑
~q
i~q√
2ρω~qV
∫
d~x ei~q·~xnˆ(~x)(a~q+a
†
−~q). (10)
Here ρ is the substrate density, V in the normalization
volume, ~q the phonon wave vector, and ω~q = c|~q| with c
being the sound velocity. For electrons in the edge chan-
nel, ~x is one-dimensional. This results in the following
long-range electron-electron interaction
V (x, x′, ν) = − A
2
2ρV
∑
~q
~q2
ν2 + ω2~q
ei~q·(~x−~x
′) (11)
Let us note the analogy with the previous setup: each
phonon mode is in fact an oscillator that is coupled to
the electrons both upstream and downstream of the su-
perconducting contacts.
The strength of the interaction is convenient to express
in terms of the electron relaxation rate, that is propor-
tional to 3,  being the electron energy above the Fermi
level,
Γ() =
A2
12piρ vF c4
()3 ≡ dΓ
d3
3. (12)
Integrating over all oscillators, we arrive at supercon-
ducting current defined by
R =
3
16pi2
dΓ
d3
c
vF
( c
L
)3
. (13)
The typical energies involved in the integration are of
the order of inverse sound propagation time between the
superconducting junctions, c/L. To estimate the typical
information transfer rate, let us consider electrons excited
to these energies. The phonon information transfer rate
is the number of relevant excitations times the relaxation
rate of a single excitation, (dΓ/d3)(c/L)3. The relevant
excitations are at the space scale ' L, so their number
is (c/vF ) 1. This reproduces R by order of value.
However, for realistic structures, the intrinsic electron-
phonon effect is fairy small albeit intrinsic. For typical
GaAs parameters, c/L = 1010Hz, c/vF = 10
2 [13] and
we estimate dΓ/d3 ' ω−2D ' 5 · 10−28Hz−2. All this
gives R ' 0.1Hz, and the corresponding current is truly
unmeasurable. t low energies the electron-electron inter-
action, that is, interaction with electricity fluctuations,
is more important for relaxation than the phonons [13].
However, it is not obvious that electon-electron interac-
tion alone can provide the upstream information transfer
required. For instance, the edge magnetoplasmons trans-
fer information only downstream.
There is a simple way to circumvent this: one can em-
bed the QHE edge into an external electric circuit that
will transfer the electric signals upstream. This is the
last setup that we consider. It has advantages of tun-
ability since the strength of the long-range interaction is
determined by the circuit parameters. As we will see, it
also provides large values of the supercurrent.
To describe the connection of the edge with an ex-
ternal circuit, we cover it with two metallic electrodes
that are spread at x < x3 and x > x4 respectively,
(x4 − x3 = L˜) and are characterized by fluctuating volt-
ages Vˆ3,4. It is convenient to make a guage transform
introducing ϕa,b(t) = e
∫ t
−∞ Vˆab that is a phase shift in-
duced by a corresponding voltage. With this, the inter-
action with the external circuit is local,
Hϕ = −vF (ϕˆ3nˆ(x3)− ϕˆ4nˆ(x4) (14)
and is similar to that in the setups considered. The ef-
fective interaction is expressed in terms of the correlator
of the phases,
V (x, x′, ν) =
v2F
2
〈ϕ3(ν) ϕ4(−ν)〉δ(x−xa)δ(x′−xb) (15)
4that is related to the frequency-dependent cross-
impedance Z34(ν) between the leads 3 and 4,
〈ϕ3(ν) ϕ4(−ν)〉 = Z34(ν)
ν
(16)
For the circuit in Fig. 3, Z34 = Z
2
B/(ZA + 2ZB). We
obtain the current coefficient from Eq. 6,
R =
e2
pi2
∫ ∞
0
dω e
− ωvF L˜Z34(ω) (17)
A simple relation is obtained for a frequency-
independent cross-impedance:
R =
e2
pi2
vF
L˜
Z34 (18)
This also can be interpreted as a potential informa-
tion transfer rate, given the bandwidth vF /L˜ and the
fraction of information transferred upstream defined as
the ratio of impedances Z34/RQ, RQ ≡ pih¯/e2 being the
self-impedance of the QHE edge. Upon increasing the
impedance of the external circuit to the values of the or-
der RQ, this fraction becomes of the order of 1 and the
effect is maximized up to R of the order of the bandwidth.
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FIG. 3. The QH edge with superconducting contacts in-
cluded into an external circuit characterized by (frequency-
dependent) impedances ZA,B . The superconducting cur-
rent between the terminals 1,2 is proportional to the cross-
impedance Z34. Dark-grey: metal contacts covering QHE
structure.
In conclusion, we have demonstrated theoretically that
supercurrent can exist in long chiral channels. In dis-
tinction from all known mechanisms of supercurrent, it
essentially requires interaction. Moreover, it requires a
special kind of non-local interaction that connects points
that are downstream of the superconducting electrodes
to the points upstream of those. This connection is no
galvanic: it is not the charge that is transferred upstream
but rather the information about the charge transfer. We
agrue that the maximum value of the supercurrent is ac-
cocsiated with the rate of upstream information trans-
fer, at least at qualitative level. Even at this level, this
relation is rather intriguing since the supercurrent is a
property of the ground state where no process associated
with information transfer can occur. This suggests that
the supercurrent can probe the potential for information
transfer without actually transferring the information.
This may be useful in the context of defining quantum
information flows [14, 15]. On practical side, this prop-
erty of the supercurrent makes it feasible to check if in
more complex QHE states all edge channels actually flow
in the same direction. [16] It is feasible to observe the
effect experimentally. The traditional difficulties of good
contact between metals and 2D gas can be circumvented
if utilitizing QHE edge channels in graphene [17? ]. The
best setup is likely one with the external circuit provided
the impedances involved can be controlled on-chip prov-
ing the scaling predicted by Eq. 17. Here we present the
results at vanishing temperature. We expect the tem-
perature to start playing a role at kBT ' vF /L at the
current to decrease exponentially, R ∝ exp(−kBTL/vF ),
at kBT ' vF /L.
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